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Abstract 

The renormalization-group effects on the scenario with nearly degenerate mass 
and bi-maximal mixing of neutrinos are analyzed. As a consequence, we explic- 
itly show in the S0(3) gauge model that the renormalization-group effects could 
modify the fitting values of the relevant basic parameters of the model, but leave 
the nearly bi-maximal mixing scenario to remain stable for reconciling both solar 
and atmospheric neutrino data. The approximately degenerate Majorana neutrino 
masses are allowed to be large enough to play a significant cosmological role without 
conflicting with the current neutrinoless double beta decay. 
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Evidences for oscillation of atmospheric neutrinos and for deficit of solar neutrinos 
provide strong indications that neutrinos are massive. If there exist only three light neu- 
trinos, the mixing matrix is likely to be nearly bi-maximal with approximately degenerate 
masses 0, ||, |], 0] in order to simultaneously satisfy the requirements that both solar and 
atmospheric neutrino flux anomalous are explained by neutrino oscillations, and the evo- 
lution of the large-scale structure of the universe [§] gets significant contributions from 
massive neutrinos. It has also been noticed that these remarkable features will result 
in a nice form for neutrino mass matrix in the weak gauge and charged lepton mass basis. 
Such a nice form of the neutrino mass matrix could be generated by using continuous or 
discrete symmetries [|], 0]. In ref. we have shown that a realistic scheme with nearly 
degenerate neutrino masses and bi-maximal mixing can be derived in the simple extension 
of the standard model with gauged SO (3) lepton flavor symmetry. The mass-squared dif- 
ference Am^^„ required from solar neutrinos is usually much smaller than the one Am^j^ 
from the atmospheric neutrinos, i.e., Am^^^ <^ Am^^^. Numerically, the values of Amf^^ 
are of order Am^„„ ~ lO""^ — 10~^eV^ for matter enhanced MSW solutions[0] with large 
mixing angle [p!T[] , and of order 10"^'' — 10~^^eV^ for vacuum oscillation solutions [[T2|, |13 



In such a situation, the renormalization group effects must be considered. Recently, it has 
been shown |0] that, for the fixed pattern of neutrino mixing, the bi-maximal mixing is not 
stable due to renormalization group effects, and the renormalized masses and mixing an- 
gles are not compatible with all the experimental constraints. The same subject has also 
been studied in |^ , similar (negative) conclusions have been reached, however, it has been 
found that when the general see-saw scenario as the mechanism responsible for generating 
the effective neutrino mass matrix, some positive results could be obtained in large regions 
of the parameter space consistent with the large angle MSW solution. In this note, we 
will explicitly show that in the SO (3) gauge model the renormalization group effects could 
modify the fitting values of the relevant basic parameters of the model, but the scenario 
with nearly degenerate mass and bi-maximal mixing of neutrinos could remain stable to 
accommodate both solar and atmospheric neutrino data, and the neutrino masses could 
still be large enough to play a significant cosmological role without conflicting with the 
current neutrinoless double beta decays. 

We start from a general consideration. Let Me and M^, are mass matrices of charged- 
leptons and neutrinos respectively, they are defined as = ei^eCi? -I- ulM^uI + H.c. 
Me can always be written as Me = UeD^V^ with Ue and the two unitary matrices 
and De = diag.{m(,.'m^,mT-) the diagonal mass matrix for the charged leptons. When 
the CKM-type lepton mixing matrix is mainly determined from the charged lepton mass 
matrix, i.e., the unitary matrix [/j, and the neutrino masses are nearly degenerate, then 
the neutrino mass matrix can be written as 

M, = mo (/s + e,S,) (1) 

where Is is an 3 x 3 unit matrix, mo is a mass parameter with mo = 0(1) eV and Sp is a 
symmetric matrix with matrix elements being order of one. Thus e^j is a small paramter 
< 1. 
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In the weak gauge and charged-lepton mass basis, the neutrino mass matrix is given by 

= UlM.Ue = mo (Ulu; + t.UlS.Ul) (2) 

In this basis, when the renormalization group equations evaluate from the high energy 
scale A to the electroweak scale, the renormalized neutrino mass matrix is simply given 
by 



Ml} = RM,R = moiUp: + eMlSM: - enDUlUl - eRUlU^D 
- eRe,DUlS,U: - eRe.UlS.UlD 
+ e\DUlU*D + e\e^DUlSMlD} 

with R = diag.{Re, R^, Rr) = Re{h + ^rD) and 



D 



(3) 




(4) 



where = 1 — Rr/Re, e = (1 — R^i/ Re) / and niQ = RerriQ. Rf (/ = e,fi,T) are the 



Yukawa renormalization factors! 



^ and defined as 
Rf = exp[ 



h)dt] 



(5) 



with t = In/i and hf {f = e,/i, r) being the Yukawa coupling constants of the charged 
leptons. By a unitary transformation U^ul, the mass matrix becomes 

UeMl^Uj = nioih + euS. - eR{D + D*) 



- eRe,{DS, + S,D*) + elDD* + t^t^DS^D*} 



(6) 



with D = UeDUl- In general, the resulting value for eR and e are small, i.e., eR <^ 1 
and e ^ 1. Thus the neutrino masses should remain almost degenerate, but the fitting 
values of the relevant parameters appearing in the matrix have to be modified. To be 
manifest, we shall consider an explicit scenario discussed in our recent papers 0]. From 
there we can read 



Ul 



and 



5*,, 



/ ici 


-Si 






-iCiC2 


-■■) 


V S1S2 


-iCiS2 


C2 J 


r^sl 





2rsS2C2 















1 



(7) 



with = A+, ta = A_/A+ and rs = 5_/A+. Here A± = 5+ ± 5_ cos 2^2 with 5+ and 
5_ the two basic parameters of the model. It is not difficult to check that the matrix 
D = UeDUl has the following explicit form 



D 



S2 2 

is\ciSi 



rSiC2S2 trCiC2S2 



islciSi rsiC2S2 \ 



2„2 



-SnC 



2^1 



trCiC2S2 
59 



(9) 
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with §2 = 82 + tc\ and r = 1 — e. It is seen that to the Unear terms of and the 
neutrino mass matrix Mj, has the same structure as M^,, thus the mass matrix My can be 
written in the following form 

= mo{/3 + ejy - eRe,{DSy + S,D*) + e\DD* + e\eybS,b*] (10) 

with 

(TasI 2fsS2C2 \ 

f-Acl (11) 
2fsS2C2 1 / 

and ii, = A^, ta = A_/A+, fs = S-/ A^. Here A± = A± — €rsI and (5_ = 5_ — rsie^. 

It is seen that when only keeping to the first order of and e^, the scenario with nearly 
degenerate neutrino masses and bi-maximal mixing is automatically preserved. The only 
difference is that one shall use the modified parameters A± = A± — eji^ and (5_ = 
5- — rsieR, instead of the parameters A± and 5-, to accommodate the experimental data. 
The resulting constraints in this approximation are given by 

A+ - A_cl c AmlJ2ml (12) 

and 

|(5_sin2^2| < |A+ - A_s^| (13) 
Considering S2 — C2 and si ~ ci, these constraints can be simplified to be 

6+ - €rsI ~ AmltJml (14) 

and 

2 



'-"r. (15) 



{S+-eRsl)ciJ 2 Am, 



2 

atm 



with rrio 0{1) eV. The question is how the higher order terms affect the stability of the 
scenario. For convenience of discussions, we may change the basis by a phase redifinition 
cl ^ ieL and i^^L — iJ^^L, so that the lepton mixing matrix becomes orthogonal 



Ci Si \ 

C2S1 — C1C2 —S2 
S1S2 -C1S2 C2 / 



and the neutrino mass matrix gets the following general form 
= mo 



(16) 



/ 1 + eyTAsi + aie|j h^e^ 2eyfsS2C2 + 62e| \ 

61 e| -1 - evf^cl - a2e| &3e| 

\ 2eyfsS2C2 + 62e| ^3^1 1 + e,, + a3e| / 



(17) 



where the coefficients and 6^ (i=l,2,3) are given by si and S2, and contain higher order 
terms of er. Before going to a detailed discussion, we consider the following 2x2 matrix 

^-".o(-\;%:J (18) 
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which is diagonahzed by an 2 x 2 rotational matrix. The rotational angle 9 is given by 

tan 2^ = 262/(2 + 61 + 63) (19) 

The eigenvalues are 

mi = mo [-^l + 61 + 63 + ei + (63 - ei)V4 + (63 - ei)/2^ 

m2 = mo (^1 + 61 + 63 + 6i + (63 - 61)2/4 + (63 - 61)72) (20) 

The mass-squared difference is propotional to (63 — 61) 



Am^ = ml-ml = 2ml{e^ - ei)^l + 61 + 63 + 6i + (63 - ei) 2/4 (21) 
when |6i| <C 1, one has 

Am^ = m2 - mi ~ 2mo(M22 + Mn) (22) 

Obviously, when Ci = 63, , i.e., Mn = — M22, one has mi = — m2 and Am2 = mg — mf = 0. 
Noticing this feature, we now return to discuss the realistic neutrino mass matrix M^. As 
the first step, we transfer the '23' texture into zero via an orthogonal transformation O23, 



023 = 4 4 (23) 




with 



tan 29'^ = r^^J^ ^ (24) 

2 + 6^(l+rAcf) + (02 + 03)6^ ^ ' 



so that the mass matrix Ml = Oj^M^023 has the following form 
M; = mo 



/ 1 + e^^fAS? + a'i6|j b[e% 2e„fsS2C2 + h^e^ 

b[el -l-e,fAcl-a'^el | (25) 

'^2 

3^R 



\ 2tyfsS2C2 + 62^1 1 + 61, + 0362 



with = Oj + otie\ and h[ — hi-\- (5ie\ (i=l,3). Where ai and [3i are relevant to the angle 
^2- To accommodate the experimental data, a simple treatment is to set 

(M^)i3 = mo (26,f5S2C2 + 624) = 

(M)^3 - (M)2, = 2m2[(l - f^clYe, + (a'3 - 4)e^] ^ /\ml,^ (26) 
(M^)ii + (K)22 = mo[{sl - c?)e,fA + {a\ - a'^)el] ~ -Am2„„/2mo 

By an explicit evaluation, we arrive at the following constraints 

5_ = rsie^ + 0{el) (27) 
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and 





+ cl + 2(1 + ct)sleR]icl - si) - rsi sm2^2efl} 
-[§1 + 0.25r^clsm292 + (0.25r2 sin 2^2 + slcl){sl - c^)]e^ + 0{e%) (28) 
[5+(l - 2sleR) - slen - 5_(1 - 2S^e^)(c^ - s^) + slel]{sl - cj) 

= (S^si - 0.25reR)r sin 2^26/1 - Aml^j2ml + O(e^) (29) 

Considering the maximal mixing suggested from the atmospheric neutrino oscillation, i.e., 
02 = 71/4:, the above constraints are simplified to be 



*--|&^^''/^^T3|$k^5f4 + 0(4) (30) 

and 



4Arr^ + 2(1 + .?)(c? - s?)e?, + 0(e?,)}(s? - c?) = 2sl[el - + 0(e^)] (31) 

rriQ ttlq 



The most recent upper limit from the neutrino less double beta decay []T1[ leads the con- 
straint on the mixing angle 9i to be 

Is^-c^l < 0.2e1//mo (32) 

which implies that for itiq = 0(1) eV the renormalization group factor must satisfy 
the following condition 

2 0.2eV/mo 4Amgtm , 2Amg„„ 

^ 1 + Q.2eV/mo ml ^ ml ^ ' 

For Aml^^ ~ 2.5 x lO^^eV"^ and Am^„„ <^ Am^j„, we have 

< 2.3 X 10"^ /or mo = 2eV, 
el < 1.7 X 10"^ /or mo = le\/ (34) 



In the SO (3) gauge model, the leptons get masses after the SO (3) gauge symmetry break- 
ing down at the energy scale A > 10^ GeV|0. From the numerical values of the Yukawa 
renormalization factors calculated in ref.p], one sees that the renormalization group ef- 
fects lead to eji ~ 10~^ ~ 10~^ and e ~ ~ 5 x 10~^ for tan /3 = 1 ~ 60 in the minimal 
super symmetric standard model. From the table 2 in ref. §], one can read off the following 
results 

e^<1.8xl0-^ for tan/? < 58 

e^<10-^ for tan/? < 10 (35) 
which is consistent with the above constraint. 



6 



It is seen that for large tan/3 the parameter space is reasonable for a large angle MSW 
solution of solar neutrinos even when si = c\. For low tan/5, the above constraints can 
be further simplified to be 

A 777"^ 

5+ ^ + en/2 , (36) 

ITLq 

,2 ^2 _ "^o4 ^^lun 



When = c^, only vacuum oscillation solutions could be allowed at very low tan/?. For 
a large angle MSW solution, we then obtain at low tan/? the following relation between 
the mixing angle 9i and the mass-squared diffenrences 



2 _ 2 _ ^^sun /o7\ 



atm 



which indicates that the mixing angle 61 is nearly maximal. Note that the above con- 
straints have been obtained by setting (M^)i3 = 0. For e% -C Am'l^^/2ml, the renormal- 
ization group effects become less important. In this situation, one can also consider the 
reasonable approximation presented in eqs. (12) and (13). Thus the allowed range of the 
parameter space will be given by eqs. (14) and (15). In such a case, the mixing angle 61 
can be maximal. 



With the above analyses, we may come to the conclusion that when the renormalization 
group effects are considered, the realistic scenario with approximately degenerate mass and 
nearly bi- maximal mixing of neutrinos in the SO (3) gauge model can still be preserved to 
accommodate both solar and atmospheric neutrino data via vacuum oscillation solutions 
or large angle MSW solutions. As a consequence, the fitting values of the relevant basic 
parameters of the model will be modified. 
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